The purpose of this paper is to present a uniform finite difference method for numerical solution of nonlinear singularly perturbed convection-diffusion problem with nonlocal and third type boundary conditions. The numerical method is constructed on piecewise uniform Shishkin type mesh. The method is shown to be convergent, uniformly in the diffusion parameter ε, of first order in the discrete maximum norm. Some numerical experiments illustrate in practice the result of convergence proved theoretically.
Introduction
This paper is concerned with ε-uniform numerical method for the singularly perturbed semilinear boundary-value problem BVP : Lu : ε 2 u εa x u − f x, u 0, 0 < x < , 1.1
where ε is a small positive parameter, the functions a x ≥ 0, f x, u , and ψ u , ϕ u are sufficiently smooth on 0, , 0, × R, and R, respectively, and furthermore 0 < β ≤ ∂f ∂u ≤ β * < ∞, dψ du ≥ δ > 0, dϕ du ≤ κ < 1.
1.4
The solution u generally has boundary layers near x 0 and x .
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Singularly perturbed differential equations are characterized by the presence of a small parameter ε multiplying the highest-order derivatives. Such problems arise in many areas of applied mathematics. Among these are the Navier-Stokes equations of fluid flow at high Reynolds number, mathematical models of liquid crystal materials and chemical reactions, control theory, reaction-diffusion processes, quantum mechanics, and electrical networks. The solutions of singularly perturbed differential equations typically have steep gradients, in thin regions of the domain, whose magnitude depends inversely on some positive power of ε. Such regions are called either interior or boundary layers, depending on whether their location is in the interior or at the boundary of the domain. An overview of some existence and uniqueness results and applications of singularly perturbed equations can be found in 1-6 . It is known that these problems depend on a small positive parameter ε in such away that the solution exhibits a multiscale character; that is, there are thin transition layers where the solution varies rapidly, while away from layers it behaves regularly and varies slowly. The treatment of singularly perturbed problems presents severe difficulties that have to be addressed to ensure accurate numerical solutions. Therefore it is important to develop suitable numerical methods for solving these problems, whose accuracy does not depend on the value of parameter ε, that is, methods that are convergent ε-uniformly. These include fitted finite-difference methods, finite element methods using special elements such as exponential elements, and methods which use a priori refined or special piecewise uniform grids which condense in the boundary layers in a special manner. One of the simplest ways to derive parameter-uniform methods consists of using a class of special piecewise uniform meshes, such as Shishkin meshes see 3, 6-15 for the motivation for this type of mesh , which are constructed a priori and depend on the parameter ε, the problem data, and the number of corresponding mesh points. The various approaches to numerical solution of differential equations with stepwise continuous solutions can be found in 2, 3, 6 .
There is also an increasing interest in the application of Shishkin meshes to singularly perturbed convection-diffusion problems see 16, 17 and references cited therein . However, much of the Shishkin mesh literature is concerned with linear or quasilinear singularly perturbed two-point problems with first-order reduced equations. In 18 has been obtained a result ε-uniform for the two-point boundary value problem of 1.1 , by using a fitted operator method on uniform meshes.
In the present paper, we analyse a fitted finite-difference scheme on a Shishkin type mesh for the numerical solution of the semilinear nonlocal boundary value problem 1.1 -1.3 . The origin of the fitted finite difference method can be traced to 19 ; for subsequent work on fitted operator method and its applications, see 2, 3 . Nonlocal boundary value problems have also been studied extensively in the literature. For a discussion of existence and uniqueness results and for applications of nonlocal problems see 20-26 and the references cited therein. Some approaches to approximating this type of problem have also been considered 20, 21, 26-28 . However, the algorithms developed in the papers cited above are mainly concerned with regular cases i.e., when boundary layers are absent . In 27 has been studied the fitted difference schemes on an equidistant mesh for the numerical solution of the linear three-point reaction-diffusion problem.
The numerical method presented here comprises a fitted difference scheme on a piecewise uniform mesh. We have derived this approach on the basis of the method of integral identities using interpolating quadrature rules with the weight and remainder terms in integral form. This results in a local truncation error containing only first-order derivatives of exact solution and hence facilitates examination of the convergence. A summary of paper is as follows. Section 2 contains results concerning the exact solutions of problem 1.1 -1.3 . In Section 3, we describe the finite-difference discretization and construct a piecewise uniform mesh, which is fitted to the boundary layers. In Section 4, we present the error analysis for the approximate solution. Uniform convergence is proved in the discrete maximum norm. In the following section numerical results are presented, which are in agreement with the theoretical results. The approach to the construction of the discrete problem and the error analysis for the approximate solution are similar to those in 18, 27-29 .
Continuous Solution
In this section, we give uniform bounds for the solution of the BVP 1.1 -1.3 , which will be used to analyze properties of appropriate difference problem. 
where
2.4
providing that ∂f/∂x x, u is bounded for x ∈ 0, and |u| ≤ C 0 .
Proof. We rewrite the problem 1.1 -1.3 as
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2.8
Here we use the Maximum Principle: let L and L 0 be the differential operators in 2.5 -2.6 and
and Lv ≤ 0 for all, then v x ≥ 0 for all x < 0 < . Then, from 2.5 -2.6 we have the following inequality:
Next, from boundary condition 2.7 , we get
By setting the value x 1 in the inequality 2.9 , we obtain
From 2.10 and 2.11 , then we have
which along with 2.9 leads to 2.1 . After establishing 2.1 the further part of the proof is almost identical to that of 28 .
Discretization and Mesh
Let ω N be any nonuniform mesh on 0, :
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Before describing our numerical method, we introduce some notation for the mesh functions. For any mesh function g x defined on ω N we use
3.2
The difference scheme we will construct follows from the identity
with the basis functions {ϕ i x } N−1 i 1 having the form
x , respectively, are the solutions of the following problems:
The functions ϕ x can be explicitly expressed as follows:
The coefficient χ i in 3.3 is given by
Rearranging 3.3 gives
with
As consistent with 26, 27 , we obtain the precise relation:
, a i / 0,
3.11
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It then follows from 3.8 that
and after a simple calculation
3.14
To define an approximation for the boundary condition 1.2 , we proceed our discretization process by
3.16
Here the function ϕ 0 x is the solution of the following problem:
3.17
In the analogous way, as in construction of 3.12 , we obtain −εθ 
3.21
Now, it remains to define an approximation for the second boundary condition 1.3 . Let x N 0 be the mesh point nearest to 1 
and so
3.29
In the rest of the paper we only consider this mesh. We note that on this mesh the coefficient θ i which is defined by 3.14 simplifies to
3.30
For the evaluation of the rest values θ N/4 and θ 3N/4 we will use the form 3.14 .
Error Analysis
Let z y − u, x ∈ ω N . Then for the error of the difference scheme 3.24 -3.26 we get ε 2 θ i z x x,i εa i z0
where the truncation errors R i , r 0 , and r 1 are defined by 3.9 , 3.21 , and 3.23 , respectively. 
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Lemma 4.2. Under the above assumptions of Section 1 and Lemma 2.1, for the error functions R i , r
0 , and r 1 , the following estimates hold:
4.7
Proof. From explicit expression 3.9 for R i , on an arbitrary mesh we have
4.8
This inequality together with 2.3 enables us to write
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4.10
We consider first the case σ 1 σ 2 /4, and so /4 < μ 
4.11
Hence
We now consider the case σ 1 μ 
The same estimate is obtained in the layer region − σ 2 , in the similar manner. It remains to estimate R i for N/4 1 ≤ i ≤ 3N/4 − 1. In this case we are able to write 4.9 as
4.15
Since
Journal of Applied Mathematics
Also, if we rewrite the mesh points in the form
The last two inequalities together with 4.15 give the bound
It remains to estimate R i for the mesh points x N/4 and x 3N/4 . For the mesh point x N/4 , inequality 4.9 reduces to
4.19
it then follows that
The same estimate is obtained for i 3N/4 in the similar manner. The same estimate is valid when only one of the values σ 1 and σ 2 is equal to /4. Next, we estimate the remainder term r 0 . From the explicit expression 3.21 , taking into consideration that δ βθ
4.22
13
Finally, we estimate the remainder term r 1 . From the expression 3.23 we obtain
4.24
where we have assumed that x N 0 is on the left-hand side of 1 if x N 0 is on right side of 1 , the integral will be over x N 0 −1 , x N 0 . In the same manner as above we therefore obtain from here that
Thus Lemma 4.2 is proved.
Combining the two previous lemmas gives us the following convergence result. 
Numerical Results
In this section, we present some numerical results which illustrate the present method.
Example 5.1. Consider the test problem:
5.1
The exact solution of our test problem is unknown. Therefore, we use a double-mesh method 2 to estimate the errors and compute the experimental rates of convergence in our computed solutions; that is, we compare the computed solution with the solution on a mesh 
5.6
The corresponding ε-uniform convergence rates are computed using the formula
To solve the nonlinear problem 3.24 -3.26 we use the following iteration technique: To solve 5.8 -5.10 , we take the initial approximation as y Tables 1 and 2 . The results established here are that the discrete solution is uniformly convergent with respect to the perturbation parameter p N and the errors are uniformly convergent with rates of almost unity as predicted by our theoretical analysis. 
5.10
5.12
The exact solution of our test problem is unknown. In the same manner as above we solve this problem. 
